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Abstract In this paper, we introduce the notion of /?/-S maraud ache BL-algebra, 
bi - weak Smarandache /(/--algebra, /?/-(7-S maraud ache ideal and hi- Q-S marandache 
implicative filter, we obtain some related results and construct quotient of /u'-S maran- 
dache /(/--algebras via MV - algebras (or briefly /r/'-Smarandache quotient /(/--algebra) 
and prove some theorems. Finally, the notion of /h-strong Smarandache /(/--algebra 
is presented and relationship between ^/-strong Smarandache /(/--algebra and bi- 
Smarandache /(/--algebra are studied. 

Keywords /?; -Smarandache /(/.-algebra • /;/-weak Smarandache /(/--algebra • bi-Q- 
Smarandache ideal ■ /?/-implicative filter • n-Smarandache strong structure 



1. Introduction 

A Smarandache structure on a set A means a weak structure W on A such that there ex- 
ists a proper subset B of A which is embedded with a strong structure S . In [9], W. B. 
Vasantha Kandasamy studied the concept of Smarandache groupoids, subgroupoids, 
ideal of groupoids and strong Bol groupoids and obtained many interesting results 
about them. Smarandache semigroups are very important for the study of congru- 
ences, and it was studied by R. Padilla [7], It will be very interesting to study the 
Smarandache structure in this algebraic structures. 

Processing of the certain information, especially inferences based on certain in- 
formation is based on classical two-valued logic. Due to strict and complete logical 
foundation (classical logic), making inference levels, thus, it is natural and neces- 
sary in an attempt to establish some rational logic system as the logical foundation 
for uncertain information processing. It is evident that this kind of logic cannot be 
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two-valued logic itself but might form a certain extension of two-valued logic. Var- 
ious kinds of non-classical logic systems have therefore been extensively researched 
in order to construct natural and efficient inference systems to deal with uncertainty. 
Z/L-algebra have been invented by P. Hajek [5] in order to provide an algebraic proof 
of the completeness theorem of “Basic Logic” ( BL , for short) arising from the con- 
tinuous triangular norms, familiar in the fuzzy logic framework. The language of 
propositional Hajek basic logic [5] contains the binary connectives O and — > and the 
constant 0. Axioms of BL are: 

(AO (<p -» x) -> ((v -» -> (<t> -> (A)); 

(A 2 ) (<p ox) -» <f>\ 

(a 3 ) (< t ox) ->(fO (p)-, 

(A 4 ) o -» x)) (x © Cr -» 0)); 

(A 5a ) (</> -» (x -> $)) -» ((<f> ©a) -» </0); 

(A 5b ) ((<p ox) -* fl) -> (<l> -* (x~> <A)); 

(A 6 ) ((0 -* x) ~* ^) ~* (((v -> 0 ) -> tW -> '/')', 

(A 7 ) o -> w. 

MV-algebras were originally introduced by Chang in order to give an algebraic 
counterpart of the Lukasiewicz many valued logic. This structure is directly obtained 
from Lukasiewicz logic, in the sense that the operations coincide with the basic log- 
ical connectives [4]. Lukasiewicz logic is an axiomatic extension of ///--logic and 
consequently, MV-algebras are particular class of ///--algebras. 

It is clear that any MV-algebra is a ///--algebra. An MV-algebras is a weaker 
structure than ///--algebra, thus we can consider in any BL- algebra a weaker structure 
as MV-algebra. 

The authors introduced the notion of bi-BL- algebra, bZ-filter, bZ- deductive system 
and ^/-Boolean center of a bi-Z/L- algebra. They have also presented classes of bi-BL- 
algebras and we stated relation between bZ-filters and quotient bZ-Z/L- algebra [1], 

A. Borumand Saeid et al introduced the notion of Smarandache Z/L-algebra and 
dealt with Smarandache ideal structures in Smarandache Z/L-algebra. They con- 
structed the quotient of Smarandache Z/L-algebra via MV-algebras (or briefly Smaran- 
dache quotient ZZL-algebras) and proved that this quotient is a Z/L-algebra [2], 

In this paper, we introduce the notion of bZ-Smarandache Z/L-algebra, bi-Strong 
Smarandache Z/L-algebra and investigate relationship between bZ-Smarandache Z/L- 
algebra and bi-Strong Smarandache Z/L-algebra. We deal with bZ-Smarandache ideal 
structures in bZ-Smarandache Z/L-algebra. We introduce the notions of bi-weak Sma- 
randache Z/L-algebra and bi-Smarandache (implicative) ideals in bi-BL- algebra, we 
construct the quotient of bZ-Smarandache Z/L-algebra via MV-algebras and we prove 
that this quotient is a bZ-Z/L- algebra. 

2. Preliminaries 

Definition 1 [5] A BL-algebra is an algebra (L, A, V,©, — », 0, 1) with four binary 
operations A, V, O, — * and two constants 0, 1 such that: 

(BL1 ) (L, A, V, — >, 0, 1) is a bounded lattice, 

(BL2) (L, 0, 1) is a commutative monoid, 
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(BL3) O and — » form an adjoint pair i.e, a® b < c if and only if a < b — » c, 

( BL4) a A b = a O (a — > b), 

(BL5) (a — > b) V (b — > a) = 1, 
for all a,b,c e L. 

A /(/.-algebra L is called an A7V -algebra if x** - x, for all x e L , where x* = x — > 

0. 

Lemma 1 [5] In each BL-algebra L , the following relations hold, for all x,y,z e L: 

(1) xO(x — > }■) < >’, 

(2) x < (y -> (x O >’)). 

(3) x < y if and only if x — > y = 1, 

(4) x— >(y— >z)=y— > (x -» z), 

(5) Ifx < y, then y — > z < x — > z and z — > x < z — > y, 

(6) y < (y — > x) -> x, 

(7) y — > x < (z — > y) — > (z — > x), 

(8) x — > y < (y — > z) — > (x z), 

(9) x V y = [(x -» y) y] A [(y x) -» x]. 

Definition 2 [5] Let L be a BL-algebra. Then subset I of L is called an ideal of L if 
following conditions hold: 

( L J 0 e /, 

(h) x e / and (x* — > y*)* e / imply y e I for all x,y e L. 

Definition 3 [5] An MV -algebra is an algebra Q — (Q,®,* ,0) of type (2,1,0) satis- 
fying the following equations: 

( MV i ) x ® (y ® z) = (x © y) © z; 

(MV 2 ) x®y = y®x; 

(MV 3 ) x© 0 = x; 

(MV A ) x" = x; 

( MV 5 ) x © 0* = 0*; 

(MV 6 ) (x* ©y)* ©y = (y* © x)* © x, 
for all x,y,z e g. 

From now on, L = (L, A, V, O, — 0, 1) is a BL-algebra and Q — (Q, ©,* , 0) is an 
MV -algebra unless otherwise specified. 

Definition 4 [1] A nonempty set ( L , A, V, O, — 0, 1) with four binary operations and 
two constants is said to be a bi-BL-algebra ifL = L\ UL 2 , where L\ and L 2 are proper 
subsets of L and 

i. (Li, A, V, O, — 0, 1) is a non-trivial BL-algebra, 

ii. (L 2 , A, V, O, — 0, 1) is a non-trivial BL-algebra. 

Definition 5 [1] If L is a bi-BL-algebra and also a BL-algebra, then we say that L 
is a super BL-algebra. 
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Definition 6 [1] Let L = L{L) L 2 be a bi-BL-algebra. We say the subset F — F\ U F 2 
of L is a bi-filter of L if F ) is a filter of Li, where i = 1,2 respectively. 

Example 1 Let L\ = {0 ,a,b,c,d, 1} and Lo = {0 ,d,e, 1). Define O and — > as follow: 



0 


0 a b c d 1 


0 


000000 


a 


0 a c c d a 


b 


0 c b c d b 


c 


0 c c c d c 


d 


O 

O 


1 


0 a b c d 1 


O 


0 d e 1 


0 


0 000 


d 


0 0 dd 


e 


0 dee 


1 


0 d e 1 



-» 


0 a b c d 1 


0 


111111 


a 


0 Ibbdl 


b 


0 a 1 a d 1 


c 


0 1 1 1 d\ 


d 


d 1 1 1 1 1 


1 


0 a b c d 1 





0 d e 1 


0 


1111 


d 


dill 


e 


0 c/1 1 


1 


0 d e 1 



For L, whose tables are the following: 



O 


0 a b c d e 1 




0 a b c d e 1 


0 


0000000 


0 


1111111 


a 


0 a c c d e a 


a 


0 1 b b d e 1 


b 


0 c b c d b b 


b 


0 a 1 a d d 1 


c 


0 c c c d e c 


c 


0 1 1 1 de 1 


d 


0 d d d 0 d d 


d 


d 1 1 1 1 1 1 


e 


0 e b e d e e 


e 


0 d b d d 1 1 


1 


0 a b c d e 1 


1 


0 a b c d e 1 



Consider Fi = {a,b,c, 1} and F 2 = {e, 1). Then F — F\ U F 2 — {a,b,c,e, 1} is a 
fo'-filter of L. 

Theorem 1 [1] Let F — F\ U F 2 be a bi-filter of a bi-BL-algebra L — L\ U L 2 such 
that F( is a filter of Li, where i - 1,2. Then ^ := U is a bi-BL-algebra, where 
Y = {[x]f,.|x e and [x] Fj — {y e L,\x — > y e F t , y — > x e Ff, where x e L, and 
i = 1,2. 

Definition 7 [2] A Smarandache BL-algebra is defined to be a BL-algebra L in 
which there exists a proper subset Q of A such that: 

(S \) 0, 1 e Q and \ Q\ >2, 

(S 2 ) Q is an MV-algebra under the operations of L. 
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Remark 1 If\Q\ = 2, i.e., Q = {0,1}, then every BL-algebra is a Smarandache 
BL-algebra. 

In the following, Q is a nontrivial MV- algebra under operations in L and also 

161 > 2 . 

Definition 8 [2] A nonempty subset I of L is called Smarandache ideal of L related 
to Q (or briefly Q-Smarandache ideal of A) if it satisfies: 

(ci) If x e I, y e Q and y < x, then y e I. 

(ci) If x,y e I, then x®y e I. 

Theorem 2 [2] If I is an ideal of L, then I is a Q-Smarandache ideal of L. 

Definition 9 [2] A nonempty subset F of L is called Smarandache implicative filter 
of L relative to Q (or briefly Q-Smarandache implicative filter of L) if it satisfies: 

(Fj) 1 e F. 

(F 2 ) If x e F,y e Q and x — > y € F, then y e F. 

In the following example, we show that every 6-Smarandache implicative filter of 
L is not a filter of L. 

Example 2 Let L = {0, a , b, c, d, 1). Define O and — » as follow: 



0 


0 a b c d 1 


-» 


0 a b c d 1 


0 


000000 


0 


111111 


a 


0 a c c d a 


a 


0 Ibbdl 


b 


0 c b c d b 


b 


0 a 1 a d 1 


c 


0 c c c d c 


c 


0 1 1 \dl 


d 


O 

"^3 

O 


d 


d 11111 


1 


0 a b c d 1 


1 


0 a b c d 1 



(L, A, V,Q, — »,0, 1) is a FL-algebra. Q — {0 ,d, 1} is the only MV- algebra which is 
properly contained in L, which the following tables: 



© 


Qd\ 






* 


0 d 1 


0 


0 c/1 _ 




d 


d d 1 


IdO 


1 


1 1 1 





Therefore Lisa Smarandache fiL-algebra. Consider F — {d, 1 }, then F is a Q- 
Smarandache implicative filter of L, but not a filter of L since d < c and c £ F. 

Remark 2 [2] Let F be a Q-Smarandache implicative filter of L. Then F + <f>. 

Definition 10 [2] A Q-Smarandache ideal M ofL is called maximal Q-Smarandache 
ideal if only if the following conditions hold: 
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( M\ ) M is a proper Q-Smarandache ideal. 

( M 2 ) For every Q-Smarandache ideal I such that M c I, we have either M = I or 
I = L. 

Theorem 3 [2] The relation ~q on a Smarandache BL-algebra L which is defined 
by 

x ~q y (x->y€Q,y->x€Q) 
is a congruence relation. 

Definition 11 [2] Let L be a BL-algebra and Q be an MV -algebra. Then ^ = 
{[x]|x € L] and [x] ={)'£ L\x ~q y) are quotient algebra via the congruence relation 
~q (or briefly Smarandache quotient BL-algebra). 

We defined on ^ : 

[x] © [>’] = [x © >’], [a]* = [x*], [ x ] -> [)•] = [x -» y], [x] O [y] = [x O y], 

[x] A [y] = [x A y], [x]V[y] = [xVy], [0] = §, [1] = ± 

For convenience, let x*y = xOy*. 

Definition 12 [2] A Q-Smarandache ideal I of L is called a Smarandache implica- 
tive ideal of L related to Q (or briefly Q-Smarandache implicative ideal of L), if it 
satisfies: if (x * y) * z e / and y * z e / imply x * z e I .for all x, y, z e Q. 

3. ^/-Smarandache BL-algebra 

Definition 13 A bi-smarandache BL-algebra L = (L, A, V, O, — 0, 1) is a nonempty 
set with four binary operations A, V, 0, — > and two constants 0, 1 such that L - L 1 U 
L 2 , where L\ and L 2 are proper subset of L and 

i. (L 1 , A, V, 0, 1) is a Smarandache BL-algebra, 

ii. (L 2 , A, V, 0, — >, 0, 1) is a Smarandache BL-algebra. 

Example 3 Let L\ = {0 ,a,b,c,d,n] and L 2 = {n,e,f, 1). With the following tables: 



0 


0 


a b c d n 


-> 


0 


a 


b 


c 


d n 


0 


0 


00000 


0 


n 


n 


n 


n 


n n 


a 


0 


aO aO a 


a 


d 


n 


d 


n 


d n 


b 


0 


000 bb 


b 


c 


c 


n 


n 


n n 


c 


0 


aO a b c 


c 


b 


c 


d 


n 


d n 


d 


0 


0b b d d 


d 


a 


a 


c 


c 


n n 


n 


0 


a b c d n 


n 


0 


a 


b 


c 


d n 
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0 


nef 1 


- 


nef 1 


n 


n nn n 


n 


1111 


e 


n n e e 


e 


e 1 1 1 


f 


n eff 


f 


n e 11 


1 


n ef\ 


1 


nef 1 



For £, whose tables are the following: 



O 


Oabcdnefl 




Oabcdnefl 


0 


000000000 


0 


111111111 


a 


0 aO aO a a a a 


a 


dldldllll 


b 


0000 bbbbb 


b 


c c 1111111 


L c 


OaOabcccc 


c 


b cdldllll 


d 


OObbddddd 


d 


a acc 1 1 1 1 1 


n 


0 ab c d nn n n 


n 


0 a b c d 1 1 1 1 


e 


0 ab c dnn e e 


e 


0 a b c d e l 1 1 


f 


0 ab c d n e f f 


f 


Oabcdnel 1 


1 


Oabcdnefl 


1 


Oabcdnefl 



(£, A, V,Q, — »,0, 1) is a bi-BL- algebra. Q\ = {0 ,a,d,n] and Q 2 = { n,e , 1} are MV- 
algebras which are properly contained in L\ and Li, respectively, with the following 
tables: 



e 


0 a dn 


0 


0 adn 


a 


a ann 


d 


d ndn 


n 


n nnn 



© 


n e 1 


n 


n e 1 


e 


e 1 1 


1 


1 1 1 



* 


0 a dn 




n d a 0 



* 


nel 




1 e n 



Then L\ and Li are Smarandache BL-algebras. Therefore L is a Z?/-smarandache BL- 
algebra. 

Example 4 Consider bi-BL - algebra © 2 x 2 , 2 , with the support set £> 2 x 2,2 = £ 2 x 2 U La = 
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{0 ,a,b,c) U {c, 1} = {0, a, b, c, 1} and the following tables: 

O 0 ab c 

0 0 000 
■£■2x2 a 0 a 0 a 
b 0 0 bb 
c 0 ab c 

0 c 1 

£- 2 c c c 

1 c 1 

Q\ — {0, c) and Qi = {c, 1} are the only ;V/V / -algebras which are properly contained 
in £. 2 x 2 and £i, respectively, with the following tables: 

® 0c 

0 o c 

c c c 
® c 1 

22 C Cl 

1 1 1 

Therefore £2x2 and £2 are not Smarandache /l /,-algebras. Thus £>2x2,2 is not a bi- 
smarandache /i /,-algebra. 

In the following example, we show that every Smarandache ///,-algebra is not a 
bz'-Smarandachc ///,-algebra. 

Example 5 Let L\ = {0, a, c, 1 } and L2 — {0, b, c, d , 1 }. With the following tables: 

0 Odd 

0 0 000 
a 0 a c a 
c 0 c c c 

1 0 a c 1 
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0 0 b c d 1 

0 0 0000 
^ b 0 b c d b 
c 0 c c d c 
d 0 d dO d 

1 Obcdl 

For L, whose tables are the following: 

0 0 a b c d 1 

0 0 00000 
a 0 a c c d a 
L b 0 c b c d b 
c 0 c c c d c 
d 0 d d d 0 d 

1 0 a b c d 1 

L is /(/--algebra such that L is super /(/--algebra. Q\ — {0,1} and 02 = {0, d, 1} are the 
only MV- algebras which are properly contained in L\ and Li, respectively. Therefore 
L is not a /u'-Smarandache /(/--algebra, but Q — {0, d, 1 ) is the only MV- algebras 
which are properly contained in L, which the following tables: 

* 0c/l 
1 d 0 

Therefore L is a Smarandache /(/--algebras. 

Definition 14 Let L = L\ U /-2 be a bi-BL-algebra. If only one of L \ or Z -2 is a 
Smarandache BL-algebra, then we call L a bi-weak smarandache BL-algebra. 

Example 6 In Example 5, /-2 is a Smarandache BL-algebra and /-] is not a Smaran- 
dache BL-algebra. Thus L = L\ U L 2 is a bi- weak Smarandache BL-algebra. 

Theorem 4 All bi-Smarandache BL-algebras are bi-weak Smarandache BL-algebras 
and not conversely. 

Example 7 'LL iyi - -Cl U -Cixi is a super BL-algebra. £.2 and £ 2 x 2 are not Smaran- 
dache BL-algebras, thus £ ( 2 . 2 x 2 is not a bi- weak Smarandache BL-algebra. 

Example 8 In Example 3, L is a Z?/-weak Smarandache BL-algebra (by Theorem 4), 
but L is not a super BL-algebra. 
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Theorem 5 Let L = L\ VJLi be a super BL-algebra and bi-Smarandache BL-algebra. 
Then L is a Smarandache BL-algebra. 

Proof Let L = (L\ U Li, A, V, O, — 0, 1) be a super BL-algebra and /u'-Smarandache 
BL-algebra. Then there exist MV-algebras Q\ and Qi of L\ and Li, respectively, and 
we have OeQiorOe Qi. Let 0 £ Q\. Now we consider the following cases: 

1) If 1 e Q \ , then Q\ is an MV -algebra which is contained in L. Thus L is a 
Smarandache BL-algebra. 

2) If 1 i Q 1 , since Q\ is an MV -algebra of L \ , thus we have the greatest element 
g e L\ such that 0 * - g and g* = 0. Consider Q = (Q\ - {g}) U {1}. Now we 
verify that ( Q , ffi,* , 0) is an MV-algebra. 

Let x, y e Q. Then we have the following cases: 

1) Let x,y £ Q\ - {g} and x,y + 1. Then xffiy £ Q\. If x ®y + g, then x®y e Q, 
now if x © y — g, then we replace g with 1 . Thus x © y — 1 € Q. 

2) Let x e Qi - {g} and y — 1. Then iffi)> = xffil = le(l. 

3) Let x, y = 1. Then xffiy=lffil = leg. 

Thus Q is close respect to ©. And since Q\ is an MV- algebra, thus for any x £ 
Qi - {0}, we have x" = x and consider 0* = 1 and 1* = 0. Therefore Q is close 
respect to *. 

Now we verify that Q satisfy in definition of MV-algebra. 

Let x ,y,z e Q — (Q\ - {g}) U {1}. Then we have the following cases: 

1) Let x,y,z e Q - (Q\ - {g}) - {1}. Since Qi is an MV-algebra, thus x,y,z satisfy 
in definition of MV-algebra (i.e., conditions ((MV 1 ) to (MVf)). 

2) Let x,y,z = 1. It is clear that x,y,z satisfy in definition of MV-algebra. 

3) Let x = 1 and v, z £ (Q\ — {g}) - { 1 }. In this case, we consider two cases: 

(a) If y © z = g, then we replace g with 1, he-, y © Z = 1 and 

(b) If y © z + g, thus y © z e Q\ - {g} £ Q- 

Now we verify conditions (MV 1 ) to (MVf). 

(MV 1 ) In Case (a), xffi(y©t;)= lffil = 1 and (xffiy)ffiz = (lffiy)ffiz = l©z = 1. 

In Case (b), lffi(yffit;) = (lffiy)ffiz = 1. Thus x® (yffiz) = (xffiy) ©z. 

(MV 2 ) x © y = lffiy = 1 = yffil = yffix. 

(MV 3 ) x - ffi 0 — 1 © 0 — 1 — x. 

(MV 4 ) x** = 1** = 0* = 1 = x. 

(MV 5 ) x © 0* = 1 © 1 = 1 = x. 

(MV 6 ) (x* ffiy)* ffiy = (1* ffiy)* ffiy =y* ®y = 1, since y G Q\ - {g} and gi is an MV- 
algebra, and (y* ffi x)* ffi x = y ffi 1 = 1 . Thus (x* ffi y)* ffi y = (y* ffi x)* © x. 

4) Let y - 1 and x, z £ (Qi — {g}) - { 1 }. In this case, we consider two cases: 

(a) If x ffi z — g, then we replace g with 1, he-, x ffi z = 1 and 

(b) If x ffi z 4 g, thus x ffi z € Q\ - {g} £ Q- This case is similar to Case 3). 

5) Let z— 1 and x,y e (Q\ - {g}) - {1}. In this case, we consider two cases: 

(a) If x ffi y — g, then we replace g with 1, i.e., x ffi y - 1 and 

(b) If x ffi y + g, thus x®y £ Qi - {g} Q. This case is similar to Case 3). 

Springer 





Fuzzy Inf. Eng. (2013) 1: 99-117 



109 



6) Let x,y - 1 and z e (<2i - {g}) — { 1 }- It is clear that x, y, z satisfy in definition of 
MV- algebra. 

7) Let x, z — 1 and ye (<2i — {g}) — {1}. It is clear that x, y, z satisfy in definition of 
MV- algebra. 

8) Lety, z— 1 and x e ( Q\ — {g}) — {1}. It is clear that x, y, z satisfy in definition of 
MV- algebra. 

Therefore ({?,©,* ,0) is an VI V -algebra which is properly contained in L. Thus L 
is a Smarandache BL-algebra. 

Example 9 Let L\ = {0 , e, /, g) and Z/> = {g, a, b,c,d, 1 }. With the following tables: 



0 


Oefg 




Oefg 


0 


0000 


0 


8 8 88 


e 


00 e e 


e 


e 8 88 


f 


0 eff 


f 


0 egg 


8 


0 efg 


8 


0 efg 



O 


gab c d 1 


-> 


gab c d 1 


8 


888888 


8 


111111 


a 


8 a 8 a 8 a 


a 


d 1 d 1 d 1 


b 


g gbb b b 


b 


a a 1 1 1 1 


c 


g a b c b c 


c 


g a d 1 d 1 


d 


g gbb d d 


d 


a a c c 1 1 


1 


g ab c d 1 


1 


g ab c d 1 



For L — L\ U L 2 , whose tables are the following: 



O 


Oefgabcdl — > 


Oabcdnefl 


0 


000000000 0 


111111111 


e 


OOeeeeeee e 


e 1 1 1 1 1 1 1 1 


f 


0 efffffff f 


0 e 1 1 1 1 1 1 1 


L 8 


0 efgggggg g 


0 e/1 1 1 1 1 1 


a 


0 efgagaga a 


Oefdldldl 


b 


Oefggbbbb b 


0 e f a a 1 1 1 1 


c 


Oefgabcbc c 


Oefgadldl 


d 


0 efggbbdd d 


Oefaaccll 


1 


Oefgabcdl 1 


Oefgabcdl 



Then L is super BL-algebra. Q\ = {0,e,g} and Q 2 — {g,a,d, 1} are MV - algebras 
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which are properly contained in L\ and L 2 , respectively, with the following tables: 





0 eg 






* 


0 e s 


0 


0 eg 




e 


e 88 


8 e 0 


8 


8 88 





® 


gad 1 


8 


gad 1 


a 


a a a 1 


d 


d ad 1 


1 


1111 



* 


gad 1 




1 dag 



Therefore L\ and L 2 are Smarandache BL- algebras. Thus L is a /h-Smarandache BL- 
algebra. Also Q — {0,e, 1} is the only MV -algebra which is properly contained in L , 
with the following tables: 



© 


Oe 1 






* 


Oe 1 


0 


0 e 1 _ 




e 


e 1 1 


1 eO 


1 


1 1 1 





Therefore L is a Smarandache BL- algebra. 

From now on, ( 0,-, ©,* , 0) is an MV - algebra unless otherwise specified. 

Definition 15 Let L — L\ U L 2 be a bi-BL-algebra. A nonempty subset I of L is 
called bi-Smarandache ideal of L related to Q (or briefly bi-Q-Smarandache ideal of 
L), where Q — Q\ U 0 2 if I — I\ U I 2 such that I\ and / 2 are Q\-Smarandache ideal 
of L\ and 0 2 - Smarandache ideal of L 2 , respectively. 

Example 10 In Example 3, we consider f = {0, a) and h — {n,e, 1). I\ is a Q\- 
Smarandache ideal of L\ and / 2 is a 0 2 - Smarandache ideal of L 2 . Thus I - l\ U / 2 = 
{0 ,a,n,e, 1} is a foi-Q-Smarandache ideal of L, where Q — Q\ U 0 2 — {0 ,a,d,n,e, 1). 

Theorem 6 Let L = L\ U Lo be a bi-BL-algebra and I — I\ U / 2 be a bi-ideal of L. 
Then I is a bi-Q-Smarandache ideal of L. 

Proof Let I = I\ U / 2 be a Z?/-ideal of L - L\ U L 2 . Then I\ is an ideal of L\ and / 2 
is an ideal of L 2 , hence by Theorem 2, f is a Q \ -Smarandache ideal of L\ and / 2 is 
a g 2 -Smarandache ideal of L 2 . Thus 1 = I\ U / 2 is a bi-Q-S marandac he ideal of L, 
where Q = Q 1 U 02- 

In the following example, we show that the converse of Theorem 6 is not true. 

Example 11 In Example 3, consider f = {0, a, d, n). It is clear that f is a Q\- 
Smarandache ideal but not an ideal of L\. Since d e /|, (d* —> If f = n* = 0 e h 
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but b i I{ and U - {n,e, 1} is a (^-Smarandache ideal but not an ideal of L 2 . Since 
n e I 2 , (n* — > /*)* = n* = 1 e I 2 but / £ I 2 . Thus I — I\ U E - {0 ,a,d,n,e, 1} is not 
a /w'-idcal of L. 

Definition 16 Let L — L\ U L 2 be a bi-BL-algebra. A bi-Q-Smarandache ideal 
I = I\ U I 2 of L — L\ U Z/> is called a bi-Smarandache implicative ideal of L related 
toQ = Q l UQ 2 (or briefly bi-Q-Smarandache implicative ideal ofL) iff and I 2 are 
Qi-Smarandache implicative ideal of L\ and Q 2 -Smarandache implicative ideal of 
L 2 , respectively. 

Example 12 In Example 3, I\ = {0, a) is a Q\ -Smarandachc implicative ideal of L\ 
and I 2 = {n,e, 1} is a (22-Smarandache implicative ideal of L 2 . Thus I = f U I 2 - 
{0 ,a,n,e, 1} is a hi- Q-S marandac he implicative ideal of L, where Q = Q\ U Q 2 — 
{0 ,a,d,n,e, 1). 

Example 13 Let L\ = {0 ,a,b,c,d,e,f,g,n) and L 2 = { n,h,i , 1). With the following 
tables: 



0 


0 


a 


b 


c 


d 


e 


f 8 


n 


-> 


0 


a 


b 


c 


defg 


n 


0 


0 


0 


0 


0 


0 


0 


00 


0 


0 


n 


n 


n 


n 


nnnn 


n 


a 


0 


0 


a 


0 


0 


a 


00 


a 


a 


8 


n 


n 


8 


nn g n 


n 


b 


0 


a 


b 


0 


a 


b 


0 a 


b 


b 


fg 


n 


f 


8 n f g 


n 


c 


0 


0 


0 


0 


0 


0 


c c 


c 


c 


e 


e 


e 


n 


nnnn 


n 


d 


0 


0 


a 


0 


0 


a 


c c 


d 


d 


d 


e 


e 


8 


nn g n 


n 


e 


0 


a 


b 


0 


a 


b 


c d 


e 


e 


c 


d 


e 


f 


gnfg 


n 


f 


0 


0 


0 


c 


c 


c 


fff 


f 


b 


b 


b 


e 


e e nn 


n 


8 


0 


0 


a 


c 


c 


dff 


8 


8 


a 


b 


b 


d 


e e g n 


n 


n 


0 


a 


b 


c 


d 


e 


f 8 


n 


n 


0 


a 


b 


c 


defg 


n 



O 


n h i 1 




n h i 1 


n 


n n n n 


n 


1111 


h 


n n h h 


h 


h 111 


i 


n h i i 


i 


nh 11 


1 


n h i 1 


1 


n h i 1 



For L — Li U L 2 , whose tables are the following: 
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0 


Oabcdefgnh i 1 


-* 


0 a b c d e f gnh i 1 


0 


000000000000 


0 


111111111111 


a 


OOaOOaOOaaaa 


a 


*11*11*11111 


b 


0 a bO a b 0 a b b b b 


b 


/*1/*1/*1H1 


c 


OOOOOOcccccc 


c 


eee 1 1 1 1 1 1 1 1 1 


d 


OOaOOaccdddd 


d 


deeg 1 1*11111 


e 


0 a bO a b c d e e e e 


e 


cdefglfgMM 


f 


000 cccffffff 


f 


b b b e e e 111111 


8 


OOaccdffgggg 


8 


a b b d e e g 11111 


n 


Oabcdefgnnnn 


n 


0 a b c d e f g 1 1 1 1 


h 


0 a b c d e f g n n h h 


h 


Oabcdefg III 1 1 


n 


Oabcdefgnh i i 


n 


Oabcdefgnhl 1 


n 


Oabcdefgnh i 1 


1 


Oabcdefgnh i 1 



Then (L, A, V,©, — »,0, 1) is a bi-BL- algebra. Q\ = {0 ,b, f,c,e,n) and Q 2 = (n,h, 1} 
are MV -algebras which are properly contained in L\ and L 2 , respectively, with the 
following tables: 



© 


0 b c e j 


f n 


0 


0b c e j 


f n 


b 


b b e e n n 


c 


cefnf 1 


e 


e e nnnn 


f 


fnfnj 


f n 


n 


nnnnnn 



* 


0 bee f n 




n f e cbO 



0 


n h 1 






* 


n h 1 


n 


nh 1 




h 


h 1 1 


1 h n 


1 


1 1 1 





Therefore L is a /?;-Smarandache BL-algebra. Then / | = {0, h\ is Q \ -Smarandachc 
ideal of L\ , but not a 0| -Smarandachc implicative ideal of L\ . Since (f * c) * e = 
(/ O e) O c = 0 e /1 and c * e = cOc - 0 e f, but f *e — f O c = c £ I\. h = {n,h, 1 } 
is a 22-Smarandache implicative ideal of L 2 . Thus / = /1 U h is a hi- Q-S marandachc 
ideal of L — L\ U L 2 , but not a hi- Q-S marandachc implicative ideal of L. 



Definition 17 Let L - L\ (J be a bi-BL-algebra. A nonempty subset F of L is 
called bi-Smarandache implicative filter of L related to Q, where Q = Q\ U Q 2 (or 
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briefly bi-Q-Smarandache implicative filter of L), ifF — F\ U F 2 such that F \ and F 2 
are Q\-Smarandache implicative filters of L\ and Q 2 -Smarandache implicative filter 
ofL 2 , respectively. 

Example 14 In Example 3, F 1 = {d,n} is a Q\ -S maraud ache implicative filter of L\ 
and F 2 - {/, 1} is a (L-Smarandache implicative filter of Li. Thus F - F\ IJ F 2 = 
{d, n,f, 1} is a bi- Q-S marandache implicative filter of L, where Q — Q\ U Q 2 . 

Remark 3 Let F be a bi-Q-Smarandache implicative filter of L. Then F 4- </> and F 
is not a bi-Smarandache BL-algebra since 0 F. 

Proposition 1 Each filter of a BL-algebra is a Q-Smarandache implicative filter and 
not conversely. 

Proof Let F be a filter of a BL-algebra L. Then 1 e F. Now let x e F, y e Q and 
x — > y <E F. Since Q c L, then y e L, thus y e F. Therefore F is a (9-Smarandachc 
implicative filter. 

Consider BL-algebra Jly x2 , with the following tables: 



0 


0 a b c d 1 


0 


000000 


a 


0 a 0 a 0 a 


b 


0000 bb 


c 


0 a 0 a b c 


d 


00 b b d d 


1 


0 ab c d 1 



— > 0 a b c d 1 

0 111111 

a d 1 d 1 d 1 



b 



cc 1111 



c 



\b c d 1 d 1 



d 

1 



a a c c 1 1 
0 ab c d 1 



Q = {0 ,a,d, 1} is an MV- algebra which is properly contained in Lyx 2 . with the 
following tables: 



© 


0 a d 1 


0 


0 a d 1 


a 


a a 11 


d 


c/1 c/1 


1 


1111 



* 


0 a d 1 




1 d a 0 



Therefore £ 2x 2 is Smarandache BL-algebra. Then F = {a, 1} is a (9-S marandache 
implicative filter of X. 2x 2 , but not a filter of -C 2x2 , since a < c and a e F, but c 4 F . 

Proposition 2 Each bi-filter of a bi- BL-algebra is a bi-Q-Smarandache implicative- 
filter and not conversely. 

Definition 18 Let L — L\ U L 2 be a bi-Smarandache BL-algebra. A bi-Q-Smaranda- 
che ideal M — M\ U M 2 of L is called bi-maximal- Q-Smarandache ideal, where 
Q — Q\ U Q2 if only if the following conditions hold: 
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(Mi ) Mj is a proper Qj-Smarandache ideal. 

(M 2 ) For every Qi-Smarandache ideal /, such that M ) C I„ we have either Mj — /, 
or I, = Li, 

where i = 1,2. 

Example 15 In Example 3, I\ — {0 ,a,c,d,n} is maximal Q\ -Smaranclachc ideal of 
L\ and h = [n,e, 1} is maximal 02 -Smarandache ideal of Lo. Thus I = I\ U I 2 - 
{0 ,a,c,d,n,e, 1} is a hi - m a x i m a I - (1 - S m a ra 11 d ac h e ideal of L, where Q = Q 1 U 22 - 

Definition 19 Let L - L\ U L 2 be a bi-Smarandache BL-algebra. Then there exist 
MV -algebras Q\ and Q 2 which are properly contained in L\ and L 2 , respectively. 
Then ^ = {[x] Qi \x e L,} and [x] Qi = {y e Lfx ~ Qi y) = {y e L t \x ->)-e Q„y —> x & 
Qi) are quotient algebras via the congruence relations ~q p where i = 1,2 (or briefly 
bi-Smarandache quotient BL-algebra). 

We defined on 

Me, © Me, = U®y]Q P M G . = M] a , Me, -> Me, = M -> yhr 
Me, o Me, = lx ©yle,- Me, A M]q, = [ x a y] Qi , [x] Qi v Me, = M v Ma - 
[0] a = [lie, = & where i= 1,2. 

Then £ := £ U j*. 

Example 16 In Example 3, consider L\ - {0 ,a,b,c,d,n), L 2 = {n,e,f, 1), Q\ = 
{0 ,a,d,n) and g 2 = {n,e, 1 }, then gL = {[ 0 ] Gl , [a] Gl , [b] Ql , [c] Gl , [d] Ql , [n] Gl } and 
§7 = {[n]Q 2 de]Q 2 ,[f]Q 2 Ai]Q 2 } such that [ 0 ] Gl = [a] Ql = [d] Ql = [n] Ql = {0 ,a,d,n) 
and [b] Ql = [c] 2l = {b,c) and [n] Ql = [e] G , = [f] Ql = [ 1 ] & = {n,e,f, 1 ). 

Thus £ = m Ql ,m Ql ,m Q2 i 

Example 17 In Example 9, consider L\ — {0 ,e,f,g) , L 2 = {g,a,b,c,d, 1), Q\ = 
\0,e,g) and Q 2 = {g,a,d, 1), then in we have [0] Gl = [e] Ql = [f] Ql = [g] Ql , thus 
§7 = {[Ola} and in ^g, we have [g\ Ql = [a] a = [b] Ql = [c ] G2 = [<% = [ 1 ] G2 , thus 
| = )[?]&!■ Therefore § = {[0] Gl , [g] G2 }. 

But in k, we have [0] G = [e]$ = [g]$ = [a]$ = [b]§ = [c] G = [d]g = [l]g, then 

| = {[ 0 ] G }Thus^T. 

4. fo'-Strong Smarandache BL-algebra 

Definition 20 Let L = (L, A, V, O, — 0, 1) be a BL-algebra. If there exists a chain of 
proper subsets 



Pn-l < Pn- 2 < ■ ■ ■ < Pi < Pi < L, 

where “ < ” means “included in ” whose corresponding structure verify the inverse 
chain 



W „- 1 > W n - 2 > ■ ■ ■ > W 2 > Wi > L, 

where “ > ” signifies strictly strong (i.e., structure satisfying more axioms). Then we 
call L — (L, A, V, O, — >, 0, 1) a strong Smarandache BL-algebra of rank n. 
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Remark 4 In above definition, W3 can be a Boolean algebra and W\ can be an M V- 
algebra. 

Example 18 Let L = {0, a, b , c, d, 1). With the following tables: 



0 


0 a b c d 1 


0 


000000 


a 


S3 

O 

""S3 

O 


b 


ObbOOb 


c 


0 dO c d c 


d 


OOOdOd 


1 


0 a b c d 1 



0 abed 1 



0111111 



a 

b 

c 

d 

1 



d 1 a c c 1 
c 1 1 c c 1 
b a b 1 a 1 
a 1 a 1 1 1 
gab c d 1 



L = (L, A, V, O, — 0, 1) is a BL-algebra. A = {0,b,c, 1} is an MV-algebra, B — 
{0,b, 1} is a Boolean algebra and B c A c L. Thus L is a strong Smarandache 
/(/^-algebra of rank 3. 



Proposition 3 Every strong Smarandache BL-algebra of rank n such that n > 2, is a 
Smarandache BL-algebra. 

Corollary 1 Every strong Smarandache BL-algebra of rank 2 is a Smarandache BL- 
algebra. 



The following example shows that the converse of Corollary 1 is not true. 

Example 19 In Example 18, A — {0, b, c, I ) is an MV- algebra which is properly con- 
tained in L. Thus L is a Smarandache BL-algebra, but L is not a strong Smarandache 
BL-algebra of rank 2. 

Definition 21 Let L = L\ U Li he a bi-BL-algebra. If L\ is a strong Smarandache 
BL-algebra of rank n\ and Li is a strong Smarandache BL-algebra of rank m, then 
we call L - L\ U Lt a bi-strong Smarandache BL-algebra of rank n\,n 2 - 

If only one of L\ or L 2 is a strong Smarandache BL-algebra of rank n \ or TI 2 , 
respectively, then L — L\ U L 2 is a bi-weak Smarandache BL-algebra. 

Example 20 In Example 3, L\ is a strong Smarandache BL-algebra of rank 3. Since 
Q\ - {0 ,a,d, 1} is an MV-algebra, B\ = {0, zL, 1} is a Boolean algebra and B\ c Q\ c 
Lx. 

L 2 is a strong Smarandache BL-algebra of rank 2. Since (L = {n,e, 1} is an MV- 
algebra and Q\ c L 2 . Thus L = L\ U L 2 is a bi- weak Smarandache BL-algebra of 
rank 3,2. 

Proposition 4 Every bi-strong Smarandache BL-algebra of rank n \ , «2 such that 
n 1 , «2 > 2, is a bi-Smarandache BL-algebra. 

Corollary 2 Every bi-strong Smarandache BL-algebra of rank 2,2, is a bi-Smaranda- 
che BL-algebra. 
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The following example shows that the converse of Corollary 2 is not true. 

Example 21 In Example 3, L is a Z?/-Smarandache BL- algebra, but L is a ^/-strong 
Smarandache BL- algebra of rank 3, 2. 

Now we consider case that L = L\ U L 2 is a super /I /--algebra. 

Example 22 In Example 9, L\ is a strong Smarandache ///--algebra of rank 2, since 
Q\ = {0, e,g] is an MV - -algebra and Q\ c L\ and L 2 is a strong Smarandache BL- 
algebra of rank 3, since Q 2 = {g,a,d, 1} is an MV -algebra and B = { g,d , 1} is a 
Boolean algebra and B c Q 2 c L 2 . 

Thus L — L\ U Z -2 is a /^/-strong Smarandache ///--algebra of rank 2, 3. But in BL- 
algebra L, we have Q - {0, e, 1} is the only MV -algebra which is properly contained 
in L and Q c L. Therefore L is a strong Smarandache ///--algebra of rank 2 (or 
Smarandache ///--algebra). 

We show that in a strong Smarandache BL- algebra, and rank is not unique. 

Example 23 Let L = {0, a, b, c, d, e, f, g, 1). Then L is a ///--algebra with the following 
tables: 



0 


0 ab c d e f g 1 


-» 


Oabcdefgl 


0 


000000000 


0 


111111111 


a 


OOaOOaOOa 


a 


*11*11*11 


b 


OabOabOab 


b 


fglfglfgl 


c 


0 0000 0 c c c 


c 


e ee 1 1 1 1 1 1 


d 


OOaOOaccd 


d 


deegllgll 


e 


OabOabcde 


e 


c defglfgl 


f 


0 00c c c f f f 


f 


b b b e e e 111 


8 


OOaccdffg 


8 


abbdeegl 1 


1 


Oabcdefg 1 


1 


Oabcdefgl 



Q\ = {0, d, 1} is an A 7 / E-algebras which is properly contained in L, i.e., Q\ c L. Then 
L is a strong Smarandache ///--algebra of rank 2. 

Now we consider ME-algebra Q 2 = {0 ,b,f,c,e, 1} which is properly contained 
in L. B 2 — {0,/?,/, 1} is a Boolean algebra which is properly contained in Q 2 . Thus 
//t c Q 2 c L. Then L is a strong Smarandache Z/L-algebra of rank 3. 

Theorem 7 All bi-strong Smarandache BL-algebras of rank n \ , n 2 are bi-weak Sma- 
randache BL-algebras and not conversely. 

proof By Proposition 4 and Theorem 4. 

6. Conclusion 

Smarandache structure occurs as a weak structure in any structure. 

In the present paper, by using this notion, we have introduced the concept of bi- 
Smarandache ///--algebras and investigated some of their useful properties. We have 
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also presented definition of strong Smarandache /(/--algebra and b; -strong Smaran- 
dache /(/--algebra and investigated relationship between strong Smarandache BL- 
algebras with Smarandache /(/--algebras and relationship between b/'-strong Smaran- 
dache /(/--algebras with ^/-Smarandache /(/--algebras and introduced the notion of 
bi- weak Smarandache /(/--algebras and investigated relationship between bi-weak 
Smarandache /(/--algebras with /?/-Smarandache /(/--algebras and /^/-strong Smaran- 
dache /(/--algebras. 

In our future study of /w'-Smarandache /(/--algebras, maybe the following topics 
should be considered: 

(1) To get more results in ^/-Smarandache /(/--algebras and application; 

(2) To obtain more results in /^/-strong Smarandache /(/--algebra and application; 

(3) To have more connection to strong Smarandache /(/--algebra and Smarandache 
/(/--algebra; 

(4) To grasp more connection to i>/-strong Smarandache /(/--algebra and /h-Smaran- 
dache /(/--algebra; 

(5) To have more connection of ranks ^/-strong Smarandache /(/--algebra together. 

Acknowledgments 

The author is very indebted to the referees for their valuable suggestions that im- 
proved the readability of the paper. 

References 

1. Abbasloo M, Saeid A B (2011) bi-BL- algebra. Discussiones Mathematicae. General Algebra and 
Applications 31 (2): 31-60 

2. Saeid A B, Ahadpanah A, Torkzadeh L (2010) Smarandache Z?L-algebra. J. Applied Logic 8: 253- 
261 

3. Haveshki M, Saeid A B, Eslami E (2006) Some types of filters in 5L-algebra. Soft Computing 10: 
657-664 

4. Cingnoli R, D’Ottaviano I M L, Mundici D (2000) “Algebraic foundations of many- valued reason- 
ing”. Kluwer Academic publ, Dordrecht 

5. Hajek P (1998) Metamathematics of fuzzy logic. Kluwer Academic Publishers 

6. Iorgulescu A (2008) Algebra of logic as BCK algebras. ASE publishing House Bucharest 

7. Padilla R (1998) “Smarandache algebraic structures”. Bull. Pure Appl. Sci., Delhi 17(1): 119-121 

8. Turunen E (1999) Mathematics behind fuzzy logic. Physica-Verlag 

9. Vasantha Kandasamy W B (2002) Smarandache groupoids. [http://WWW. gallup.umn.edu/smarandache/ 
groupoids.pdf] 

10. Vasantha Kandasamy W B (2003) Bialgebraic structures and Samaranche bialgebraic structures. 
American Research Press 



^ Springer 




